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Abstract
This paper is concerned with the construction of new solutions in terms of birational maps to the
functional tetrahedron equation and parametric tetrahedron equation and the study of their integra-
bility. We present a method for constructing solutions to the parametric tetrahedron equation via
Darboux transformations. In particular, we study matrix refactorisation problems for Darboux trans-
formations associated with the nonlinear Schro¨dinger (NLS) and the derivative nonlinear Schro¨dinger
(DNLS) equation, and we construct novel nine-dimensional tetrahedron maps. We show that the latter
can be restricted to six-dimensional parametric tetrahedron maps on symplectic leaves. Finally, we
construct parametric tetrahedron maps employing degenerated Darboux transformations of NLS and
DNLS type. We prove that all the derived parametric tetrahedron maps are completely integrable in
the Liouville sense.
PACS numbers: 02.30.Ik, 02.90.+p, 03.65.Fd.
Mathematics Subject Classification 2020: 35Q55, 16T25.
Keywords: Tetrahedron equation, Parametric tetrahedron maps, Darboux transformations,
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1 Introduction
The functional tetrahedron equation is a higher-dimensional generalisation of the Yang–Baxter equation,
one of the most fundamental equations of Mathematical Physics, and it was first studied by Zamolodchikov
in [31, 32]. Ever since, it has attracted the interest of many scientists in the area of Mathematical Physics
(indicatively, we refer to [1, 2, 3, 4, 6, 9, 10, 14, 22, 27, 28]) who studied its solutions from various aspects.
From the point of view of classical integrable systems, an important result is Sergeev’s classification
of tetrahedron maps in [28] where he studied the relation between matrix trifactorisation problems and
the tetrahedron equation. Another important result is the connection between the tetrahedron equation
and integrable systems on the three-dimensional lattice. In particular, this connection was established in
[14], as a generalisation of the ideas presented in [26], and tetrahedron maps together with their vector
generalisations were constructed using the invariants of symmetry groups of three-dimensional lattice
systems. Moreover, noncommutative versions of integrable systems have been of great interest over the
past few decades, due to the plethora of applications in Physics. In fact, fully noncommutative versions
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of solutions to the tetrahedron equation have already been found (see, for example, [4]). Of course, the
results related to the tetrahedron equation are not limited to the aforementioned, and there are plenty of
other results that highlight the importance of the functional tetrahedron equation. However, the functional
tetrahedron equation has not yet reached the same level of attention as the its lower-dimensional analogue,
the Yang–Baxter equation. This is probably due to the fact that it is more difficult to find solutions to
it, and not many methods are yet available for constructing such solutions.
In this paper, we present a method for constructing solutions to the parametric functional tetrahedron
equation based on the ideas presented in [18]. In particular, we study matrix refactorisation problems
for certain Darboux matrices and we derive solutions to the classical (without parameters) functional
tetrahedron equation. The entries of each Darboux matrix satisfy a system of differential equations, the
so-called Ba¨cklund transformation. The latter system admits a first integral which indicates the existence
of invariant leaves. On these invariant leaves our derived solutions are expressed in terms of parametric
birational maps which satisfy the parametric functional tetrahedron equation.
1.1 Organisation of the paper
The paper is organised as follows.
In the next section, we present all the necessary definitions for the text to be self-contained. In
particular, we give the definitions of the functional tetrahedron and the parametric tetrahedron equation,
and we explain their relation with matrix refactorisation problems. Furthermore, we prove a statement
regarding the invariants of the solutions to these equations which indicate the integrability of these
solutions. Finally, we give the definition of the Liouville integrability of the latter.
In section 3, we list all the Darboux transformations that we use throughout the text, without giving
details on their derivation. For their construction one can refer to [17].
In section 4, we study matrix refactorisation problems for Darboux matrices associated with the NLS
equation, and we derive novel solutions to the tetrahedron equation and the parametric tetrahedron
equation. In particular, using an NLS type Darboux transformation, we derive a novel nine-dimensional
birational tetrahedron map which can be restricted on symplectic leaves to a novel six-dimensional, bi-
rational, completely integrable, parametric tetrahedron map on symplectic leaves. Then, considering the
matrix refactorisation problem for a degenerated Darboux matrix of NLS type, we construct another
birational, six-dimensional, completely integrable, parametric tetrahedron map which can be restricted to
a three-dimensional one on the level sets of its invariants. This map at a certain limit gives a map from
Sergeev’s classification [28].
In section 5, we employ Darboux transformations associated with the DNLS equation in order to derive
novel solutions to the tetrahedron equation. We first consider a Darboux transformation associated with
the DNLS equation, and we obtain a novel nine-dimensional tetrahedron map the restriction of which
on symplectic leaves is represented by a novel six-dimensional parametric tetrahedron map. Moreover,
we construct another six-dimensional parametric tetrahedron map using a degenerated version of the
Darboux transformation for the DNLS equation. The derived six-dimensional map can also be restricted
to a three-dimensional one which gives a map from Sergeev’s classification at a certain limit. All the maps
derived in this section are noninvolutive and birational, and we show that they are completely integrable.
Finally, in section 6, we present a brief summary of the results of the paper and discuss some ideas
for potential extensions of the obtained results.
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2 Preliminaries
2.1 Tetrahedron maps
Let X be an algebraic variety in CN . A map T ∈ End(X 3), namely
T : (x, y, z) 7→ (u(x, y, z), v(x, y, z), w(x, y, z)), (1)
is called a tetrahedron map if it satisfies the functional tetrahedron (or Zamolodchikov) equation
T 123 ◦ T 145 ◦ T 246 ◦ T 356 = T 356 ◦ T 246 ◦ T 145 ◦ T 123. (2)
Functions T ijk ∈ End(X 6), i, j = 1, 2, 3, i 6= j, in (2) are maps that act as map T on the ijk terms of the
Cartesian product X 6 and trivially on the others. For instance,
T 145(x, y, z, r, s, t) = (u(x, r, s), y, z, v(x, r, s), w(x, r, s), t).
A tetrahedron map can be represented on the faces of the cube, as in Figure 1, mapping three neighbour
faces of the cube to the rest three on the opposite side. In particular, a tetrahedron map can be thought
as a map mapping the values x, y and z, attached to the back, bottom and left sides of the cube (i.e.
faces 1, 2 and 3 in the left half-cube of Figure 1), to values u, v and w assigned to the front, top and right
faces of the cube, respectively.
T
−→
2
3
1
2
3
1
Figure 1: Tetrahedron map. Schematic representation.
The most, probably, celebrated Tetrahedron map is [10]
(x, y, z)
T
→
(
xy
x+ z + xyz
, x+ z + xyz,
yz
x+ z + xyz
)
,
following from the ‘star-triangle’ transformation in electric circuits.
Now, if we assign the complex parameters a, b and c to the variables x, y and z, respectively, we define
a map T ∈ End[(X × C)3], namely T : ((x, a), (y, b), (z, c)) 7→ ((u(x, y, z), a), (v(x, y, z), b), (w(x, y, z), c))
which we denote for simplicity as
Ta,b,c : (x, y, z) 7→ (ua,b,c(x, y, z), va,b,c(x, y, z), wa,b,c(x, y, z)). (3)
Map (3) is called a parametric tetrahedron map if it satisfies the parametric functional tetrahedron equation
T 123a,b,c ◦ T
145
a,d,e ◦ T
246
b,d,f ◦ T
356
c,e,f = T
356
c,e,f ◦ T
246
b,d,f ◦ T
145
a,d,e ◦ T
123
a,b,c. (4)
Schematically, a parametric tetrahedron map can be understood as in Figure 1 where the parameters a,
b and c are placed on the faces of the cube together with the variables x, y and z, respectively. Moreover,
a four-dimensional representation of the parametric tetrahedron equation can be seen in Figure 2.
Only a handful of solutions to the parametric tetrahedron equation (4) are known to date; an inter-
esting parametric tetrahedron map can be found in [1].
3
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2
4
5
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T 123a,b,c
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2
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4
5
6
T 145a,d,e
−→
2
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4
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−→
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6
5
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6
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4
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6
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== === =
Figure 2: Tetrahedron equation. Schematic representation ([4]).
2.2 Tetrahedron maps and matrix refactorisation problems
Let L = L(x, a;λ) be a matrix depending on a variable x ∈ X , a parameter a ∈ C and a spectral parameter
λ ∈ C of the form
L(x, a;λ) =
(
A(x, a;λ) B(x, a;λ)
C(x, a;λ) D(x, a;λ)
)
, (5)
where its entries A,B,C,D are scalar functions of x, a and λ. Moreover, we define the following matrices
L12 =

A(x, a;λ) B(x, a;λ) 0C(x, a;λ) D(x, a;λ) 0
0 0 1

 , L13 =

A(x, a;λ) 0 B(x, a;λ)0 1 0
C(x, a;λ) 0 D(x, a;λ)

 , L23 =

1 0 00 A(x, a;λ) B(x, a;λ)
0 C(x, a;λ) D(x, a;λ)

 ,
(6)
where Lij = Lij(x, a;λ), i, j = 1, 2, 3.
Following the work of Sergeev [28] and the work of Kashaev, Korepanov and Sergeev [10] we study
the solutions of the following matrix trifactorisation problem
L12(u, a;λ)L13(v, b;λ)L23(w, c;λ) = L23(z, c;λ)L13(y, b;λ)L12(x, a;λ). (7)
If the above matrix trifactorisation problem defines a map, we will call equation (7) its Lax representation.
Equation (7) was also studied by Korepanov in [21] in the more general case where functions A,B,C and
D in (6) are matrices.
Unlike the case of matrix refactorisation problems associated with solutions to the Yang–Baxter
equation [29], the matrix rafactorisation problem (7) does not admit the symmetry (u, v, w; a, b, c) →
(x, y, z; c, b, a). That means that the rationality of a map (x, y, z) → (u(x, y; a, b), v(x, y; a, b), w(x, y; a, b))
defined by (7) does not necessarily imply its birationality. Moreover, the trace of the right-hand side of
(7) does not necessarily generate invariants for the former map. However, we have the following.
Proposition 2.1. If L = L(x, a;λ) is a matrix of the form (5) with B(x, a;λ) = C(x, a;λ), then the
quantity
tr
(
L23(z, c;λ)L13(y, b;λ)L12(x, a;λ)
)
is a generator of invariants of the map (x, y, z) → (u(x, y; a, b), v(x, y; a, b), w(x, y; a, b)) defined by (7).
Proof. Indeed, if B(x, a;λ) = C(x, a;λ), then the matrices Lij, i, j = 1, 2, 3, i < j, are symmetric, namely
Lij = L
T
ij. Therefore, the trace of the left-hand side of (7):
tr
(
L12(u, a;λ)L13(v, b;λ)L23(w, c;λ)
) (7)
= tr
(
L23(z, c;λ)L13(y, b;λ)L12(x, a;λ)
)
4
= tr
(
(L23(z, c;λ)L13(y, b;λ)L12(x, a;λ))
T
)
= tr
(
LT12(x, a;λ)L
T
13(y, b;λ)L
T
23(z, c;λ)
)
= tr
(
L12(x, a;λ)L13(y, b;λ)L23(z, c;λ)
)
, (8)
since Lij = L
T
ij , Lij, i, j = 1, 2, 3, i < j.
Now, if we expand in λ: tr
(
L23(z, c;λ)L13(y, b;λ)L12(x, a;λ)
)
=
∑
k Ik(x, y, z)λ
k, then from (8)
follows that
Ik(x, y, z) = Ik(u, v, w),
i.e. Ik(x, y, z) are invariants of the map (x, y, z) → (u(x, y; a, b), v(x, y; a, b), w(x, y; a, b)) defined by
(7).
2.3 Complete Integrability
In this paper, we study the integrability of the derived tetrahedron maps in the Liouville sense. Following
[5, 24, 30], we have the following.
Definition 2.3.1. A 2N -dimensional map,
T : (x1, ..., x2N ) 7→ (u1, ..., u2N ), ui = ui(x1, ..., x2N ), i = 1, ..., 2N,
is said to be completely integrable or Liouville integrable if
1. there is a Poisson matrix Jij = {xi, xj}, of rank 2r, which is invariant under T , namely J ◦ T = J˜ ,
where J˜ij = {ui, uj},
2. map T has r functionally independent invariants, Ii, namely Ii ◦ T = Ii, which are in involution
with respect to the corresponding Poisson bracket, i.e. {Ii, Ij} = 0, i, j = 1, . . . , r, i 6= j,
3. there are k = 2N − 2r Casimir functions, namely functions Ci, i = 1, . . . , k, such that {Ci, f} = 0,
for any arbitrary function f = f(x1, ..., x2N ). These are invariant under T , namely Ci ◦ T = Ci.
We should note that there is no algorithmic way for finding a Poisson bracket with respect to which
the invariants of a given map are in involution, and it is a rather difficult task.
3 Nonlinear Schro¨dinger type Darboux transformations
In this section, we list all the Darboux transformations that we use in this text. For details regarding
their derivation, one can refer to [17]. In particular, we use Darboux transformations associated with the
Lax operator LNLS ∈ sl2 [λ] [Dx] and LDNLS ∈ sl2[λ]
〈s1〉[Dx], namely
LNLS = Dx + λ
(
1 0
0 −1
)
+
(
0 2p
2q 0
)
, LDNLS = Dx + λ
2
(
1 0
0 −1
)
+ λ
(
0 2p
2q 0
)
(9)
i.e. the spatial parts of the Lax pairs for the NLS and the DNLS equation, respectively.
1. A Darboux transformation for LNLS in (9) is:
M = λ
(
1 0
0 0
)
+
(
f p
q˜ 1
)
, (10)
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where its entries obey the system of equations ∂xf = 2(pq−p˜q˜), ∂xp = 2(pf−p˜), ∂xq˜ = 2(q−q˜f),
i.e. the so-called Ba¨cklund transformation. A first integral of this system of differential equations is
∂x(f − pq˜) = 0. (11)
2. A ‘degenerated’ Darboux Matrix for LNLS reads
Ma(p, f) = λ
(
1 0
0 0
)
+
(
f p
a
p
0
)
, f =
px
2p
. (12)
3. A Darboux transformation associated with operator LDNLS in (9) is
M(p, q˜, f) := λ2
(
f 0
0 0
)
+ λ
(
0 fp
f q˜ 0
)
+
(
0 0
0 1
)
, (13)
where p and q satisfy a system of differential equations which possesses the following first integral,
∂x
(
f2pq˜ − f
)
= 0. (14)
4. A ‘degenerated’ Darboux transformation related to LDNLS is
M(p, f ; a) := λ2
(
f 0
0 0
)
+ λ
(
0 fp
a
fp
0
)
+
(
1 0
0 0
)
. (15)
In the following sections, we study matrix trifactorsation problems associated with the above Darboux
matrices in order to derive tetrahedron maps. As we shall see, the existence of first integrals (11) and (14)
play an important role, since they indicate the invariant leaves on which the derived tetrahedron maps
are expressed as parametric tetrahedron maps, namely solutions to (4).
4 Nonlinear Schro¨dinger type tetrahedron maps
In this section, we study matrix trifactorisation problems (7) for the Darboux transformations (10) and
(12) associated to the NLS equation, and we construct novel solutions to the tetrahedron equation and
the parametric tetrahedron equation. All the derived maps are noninvolutive which are more interesting
comparing to involutive ones, since involutive maps have trivial dynamics. Furthermore, we prove that
all the maps constructed in this section are completely integrable.
4.1 A novel nine-dimensional tetrahedron map
Changing (p, q˜, f + λ)→ (x1, x2,X) in (10), we define the following matrix
M(x1, x2,X) =
(
X x1
x2 1
)
. (16)
For this matrix (16) we consider the matrix trifactorisation problem (7), namely
M12(u1, u2, U)M13(v1, v2, V )M23(w1, w2,W ) = M23(z1, z2, Z)M13(y1, y2, Y )M12(x1, x2,X). (17)
6
The above matrix refactorisation problem implies the following:
u1 =
x1(y1y2 − Y ) + y1z2
z1z2 − Z
, u2 =
x2Z + y2z1X
XY
U (18a)
v1 =
y1Z + x1z1(y1y2 − Y )
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
XY
U
(18b)
v2 = x2z2 + y2X, V =
XY
U
(18c)
w1 =
[x2y1Z + (y1y2 − Y )z1X](z1z2 − Z)
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
(18d)
w2 = x1y2 + z2, (18e)
W =
(x1x2 −X)(z1z2 − Z)Y Z
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
(18f)
which is a correspondence rather than a map; functions u2, v1 and V are defined in terms of U . The above
correspondence does not satisfy the tetrahedron equation for any choice of U . However, as we shall see
below, there is at least a choice of U for which (18) defines a tetrahedron map.
In particular, the determinant of equation (17) implies the equation
(U − u1u2)(V − v1v2)(W − w1w2) = (X1 − x1x2)(Y − y1y2)(Z − z1z2).
We choose U −u1u2 = X −x1x2, V − v1v2 = Y − y1y2, W −w1w2 = Z− z1z2. Then, the following holds.
Proposition 4.1. The system consisting of equation (7) together with U −u1u2 = X−x1x2 has a unique
solution, namely a map (x1, x2,X, y1, y2, Y, z1, z2, Z)
T
−→ (u1, u2, U, v1, v2, V, w1, w2,W ), given by
x1 7→ u1 =
x1(y1y2 − Y ) + y1z2
z1z2 − Z
, (19a)
x2 7→ u2 =
(x1x2 −X)(y2z1X + x2Z)(z1z2 − Z)
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
, (19b)
X 7→ U =
(x1x2 −X)(y1y2 − Y )X
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
, (19c)
y1 7→ v1 =
x1z1(y1y2 − Y ) + y1Z
(x1x2 −X)(z1z2 − Z)
, (19d)
y2 7→ v2 = x2z2 + y2X, (19e)
Y 7→ V =
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
(x1x2 −X)(z1z2 − Z)
, (19f)
z1 7→ w1 =
[x2y1Z − z1(y1y2 − Y )X](z1z2 − Z)
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
, (19g)
z2 7→ w2 = x1y2 + z2, (19h)
Z 7→W =
(x1x2 −X)(z1z2 − Z)Y Z
y1y2z1(x1y2 + z2)X − (x1y2z1 + z1z2 − Z)XY + x2[y1z2 + x1(y1y2 − Y )]Z
. (19i)
Map (19) is a nine-dimensional noninvolutive tetrahedron map.
Proof. The system consisting of equations (18a) and equation U −u1u2 = X−x1x2 has a unique solution
given by (19a)–(19c). Moreover, substituting U given by (19c) to (18b) and (18c), we obtain v1 and V
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given in (19d) and (19e), respectively. The tetrahedron property can readily verified by substitution to
the Tetrahedron equation. Finally, for the involutivity of the map we have
w2(u1, u2, U, v1, v2, V, w1, w2,W ) = x1y2 + z2 +
(x2z2 + y2X)[x1(y1y2 − Y ) + y1z2]
z1z2 − Z
.
That is, T ◦ T 6= id. Thus, map (19) is noninvolutive.
4.2 Restriction on symplectic leaves: A novel six-dimensional Tetrahedron map
The existence of first integral (11) indicates the integrals of map (19). We can restrict the latter to a
novel nine-dimensional one on the level sets of these integrals. In particular we have the following.
Theorem 4.2. 1. The quantities Φ = X − x1x2, Ψ = Y − y1y2 and Ω = Z − z1z2 are invariants of
the map (19).
2. Map (19) can be restricted to a noninvolutive parametric six-dimensional tetrahedron map
(x1, x2, y1, y2, z1, z2)
Ta,b,c
−→ (u1, u2, v1, v2, w1, w2),
given by:
x1 7→ u1 =
bx1 − y1z2
c
; (20a)
x2 7→ u2 =
ac[x2(c+ z1z2) + y2z1(a+ x1x2)]
abc− [x2z2 + y2(a+ x1x2)][bx1z1 − y1(c+ z1z2)]
, (20b)
y1 7→ v1 =
y1(c+ z1z2)− bx1z1
ac
; (20c)
y2 7→ v2 = x2z2 + y2(a+ x1x2); (20d)
z1 7→ w1 =
c[bz1(a+ x1x2)− x2y1(c+ z1z2)]
abc− [x2z2 + y2(a+ x1x2)][bx1z1 − y1(c+ z1z2)]
; (20e)
z2 7→ w2 = x1y2 + z2. (20f)
on the invariant leaves
Aa := {(x1, x2,X) ∈ C
3 : X = a+ x1x2}, Bb := {(y1, y2, Y ) ∈ C
3 : Y = b+ y1y2},
Cc := {(z1, z2, Z) ∈ C
3 : Z = c+ z1z2}. (21)
3. Map (20) admits the following invariants:
I1 = (a+x1x2)(b+y1y2), I2 = (b+y1y2)(c+z1z2), I3 = ay1y2+(x2y1+z1)(x1y2+z2). (22)
Proof. Regarding 1. The existence of these invariants is indicated by the existence of the first integral
(11). This can be verified by straightforward calculation.
With regards to 2, we set Φ = a, Ψ = b and Ω = c. Now, using the conditions X = a + x1x2,
Y = b + y1y2 and Z = c + z1z2, we eliminate X, Y and Z from the nine-dimensional map (19), and we
obtain (20). It can be verified by substitution that map (20) satisfies the parametric tetrahedron equation.
For the involutivity check, we have that
w2(u1, u2, v1, v2, w1, w2) = x1y2 + z2 +
(bx1 − y1z2)[ay2 + x2(x1y2 + z2)]
c
.
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Thus, Ta,b,c ◦ Ta,b,c 6= id, and the map is noninvolutive.
Finally, regarding 3, it can be readily proven that (a + u1u2)(b + v1v2)
(20)
= (a + x1x2)(b + y1y2),
(b + v1v2)(c + w1w2)
(20)
= (b + y1y2)(c + z1z2) and av1v2 + (u2v1 + w1)(u1v2 + w2)
(20)
= ay1y2 + (x2y1 +
z1)(x1y2 + z2).
Corollary 4.3. Map (20) has the following Lax representation
M12(u1, u2; a)M13(v1, v2; b)M23(w1, w2; c) = M23(z1, z2; c)M13(y1, y2; b)M12(x1, x2; a), (23)
where the associated matrix is given by
M(x1, x2; a) =
(
a+ x1x2 x1
x2 1
)
. (24)
Remark 4.4. The invariants (22) are not obtained from the trace of the right-hand side of (23). Matrix
M in (24) is not symmetric, thus does not fall in the category of maps for which proposition 2.1 holds.
Remark 4.5. As mentioned in section 2 the symmetry break in equation (23) does not automatically
imply birationality of map (20). However, solving equation (23) for (x1, x2, y1, y2, z1, z2), one can easily
see that map (20) is birational.
The existence of three invariants (22) for map (20) is already a sign of integrability for the latter.
However, we are interested in the Liouville integrability of the map. In particular, we have the following.
Theorem 4.6. Map (22) is completely integrable.
Proof. Invariants (22) are functionally independent, since ∇Ii, i = 1, 2, 3, are linearly independent. More-
over, Ii, i = 1, 2, 3, in (22) are in involution, namely {Ii, Ij} = 0, i, j = 1, 2, 3, i < j, with respect to the
following Poisson bracket
{x1, x2} = a+ x1x2, {y1, y2} = b+ y1y2, {z1, z2} = c+ z1z2,
and the rest {xi, yj} = {xi, zj} = {yi, zj} = 0, i, j = 1, 2.
The associated Poisson matrix is of full rank, and it is invariant under the map (20). Therefore, map (20)
is completely integrable.
Corollary 4.7. The invariant leaves (21) are symplectic.
4.3 A novel ‘degenerated’ six-dimensional parametric tetrahedron map of NLS type
Here, we employ the second Darboux matrix of NLS type, namely matrix (12) to derive another parametric
tetrahedron map. In particular, we change (f + λ, p)→ (x1, x2) in (12), and define the following matrix
M(x1, x2, a) =
(
x1 x2
a
x2
0
)
. (25)
For matrix (25) we consider the following matrix trifactorisation problem:
M12(u1, u2, a)M13(v1, v2, b)M23(w1, w2, c) = M23(z1, z2, c)M13(y1, y2, b)M12(x1, x2, a). (26)
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The above equation implies the system of polynomial equations
u1v1 = x1y1, u2w1 + c
u1v2
w2
= x2y1, u2w2 = y2, a
v1
u2
= a
z1
x2
+ b
x1z2
y2
, ac
v2
u2w2
= b
x2z2
y2
,
b
v2
=
ac
x2z2
,
(27)
which defines the following correspondence
u2 =
ax1x2y1y2
u1(ay2z1 + bx1x2z2)
; v1 =
x1y1
u1
; v2 =
bx2z2
ac
; w1 =
z1
x1
u1; w2 =
ay2z1 + bx1x2z2
ax1x2y1
u1. (28)
That is, u2, v1, v2, w1 and w2 depend on u1.
As in the previous section, this correspondence does not define a tetrahedron map for any choice of
u1. However, for the choice u1 = y1 we have the following.
Theorem 4.8. The map defined by
(x1, x2, y1, y2, z1, z2)
Ta,b,c
−→
(
y1,
ax1x2y2
ay2z1 + bx1x2z2
, x1,
bx2z2
ac
,
y1z1
x1
,
ay2z1 + bx1x2z2
ax1x2
)
(29)
is a six-dimensional parametric tetrahedron map and it is noninvolutive and birational. Moreover, map
(29) admits the following invariants:
I1 = x1y1, I2 = x1 + y1, I3 = y1z1. (30)
Proof. Map (29) follows after substitution of u2 = x2 to (28). The tetrahedron property can be readily
verified by substitution to the tetrahedron equation.
Now, since v2◦Ta,b,c =
by2
ac
6= y2, it follows that Ta,b,c◦Ta,b,c 6= id, and therefore the map is noninvolutive.
Additionally, the inverse of map (29) is given by
(u1, u2, v1, v2, w1, w2)
T−1
a,b,c
−→
(
v1,
u2w1w2 + cu1v2
u1w2
, u1, u2w2,
v1w1
u1
,
acu1v2w2
bcu1v2 + bu2w1w2)
)
,
namely (29) is birational.
Finally, we have
u1v1
(29)
= x1y1, u1 + v1
(29)
= x1 + y1, and u1w1
(29)
= x1z1,
i.e. map (29) admits the invariants Ii, i = 1, 2, 3, given by (30).
Again, the existence of three invariants (30) for the six-dimensional map (29) is already a sign of
integrability. For its Liouville integrability, we have the following.
Theorem 4.9. Map (29) is completely integrable.
Proof. The gradients of (22), ∇Ii, i = 1, 2, 3, are linearly independent, thus Ii, i = 1, 2, 3 are functionally
independent. Moreover, they are in involution with respect to the following simple Poisson bracket
{x1, x2} = {x2, y1} = {y1, y2} = {y2, z1} = {z1, z2} = 1,
and the rest entries of the Poisson matrix are 0. The associated Poisson matrix is invertible and it is
preserved by map (20). Therefore, map (20) is completely integrable.
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4.3.1 Restriction on the level sets of the invariants
Here, we restrict the map (29) on the level sets of its invariants (30). In particular, we have the following.
Proposition 4.10. Map (29) can be restricted to a three-dimensional noninvolutive parametric map given
by
(x, y, z)
Ta,b,c
−→
(
axy
ay + bxz
,
bxz
ac
,
ay + bxz
ax
)
(31)
Proof. Setting I1 = 1, I2 = 2 and I3 = 1, where Ii, i = 1, 2, 3, are given by (30), and solving for x1, y1, z1
we obtain x1 = y1 = z1 = 1. We substitute to (48), and we obtain a map x2 7→ u2(x2, y2, z2), y2 7→
v2(x2, y2, z2) and z2 7→ w2(x2, y2, z2). After relabelling (x2, y2, z2, u2, v2, w2)→ (x, y, z, u, v, w), we obtain
map (31). Noninvolutivity of the map follows from the fact that, for instance, (v ◦Ta,b,c)(x, y, z) =
by
ac
6= y,
thus Ta,b,c ◦ Ta,b,c 6= id.
Remark 4.11. From the above parametric tetrahedron map, one can obtain map (20) in Sergeev’s
classification [28] (and also in [10]), considering the limit b→ a.
4.4 A novel six-dimensional parametric tetrahedron map which does not restrict to
a tetrahedron map on the level sets of its invariants
In this section, we demonstrate by an example that a restriction of a tetrahedron map on invariant leaves
is not necessarily a tetrahedron map.
In section 4.3, we saw that for the choice u1 = y1, the correspondence (28) defines the six-dimensional
tetrahedron map (29) which can be restricted to the parametric three-dimensional tetrahedron map (31).
As mentioned earlier, the correspondence (27) does not define a parametric tetrahedron map for any
choice of the free variable. And even when a six-dimensional tetrahedron map is defined, this does not
necessarily imply that its three-dimensional restriction on invariant leaves has the tetrahedron property.
To demonstrate this, we express u1, v1, v2, w1 and w2 in terms of u2 in (27).
Specifically, the choice u2 = x2 in (27) implies the following.
Theorem 4.12. The map defined by
(x1, x2, y1, y2, z1, z2)
Ta,b,c
−→
(
ax1y1y2
ay2z1 + bx1x2z2
, x2, z1 +
bx1x2z2
ay2
,
bx2z2
ac
,
ay1y2z1
ay2z1 + bx1x2z2
,
y2
x2
)
(32)
is a six-dimensional parametric tetrahedron map and it is noninvolutive and birational. Moreover, map
(32) admits the following invariants:
I1 = x1y1, I2 = x2, I3 =
x1
z1
. (33)
Proof. Expressing u1, v1, v2, w1 and w2 in terms of u2 in (27), we obtain
u1 =
ax1x2y1y2
u2(ay2z1 + bx1x2z2)
; v1 = u2(
z1
x2
+
bx1z2
ay2
); v2 =
bx2z2
ac
; w1 =
ax2y1y2z1
u2(ay2z1 + bx1x2z2)
; w2 =
y2
u2
.
(34)
Map (32) follows after substitution of u2 = x2 to (34). The tetrahedron property can be readily verified by
substitution to the tetrahedron equation. Now, since v1(u1, u2, v1, v2, w1, w2) =
ay1y2(cx1y2+x2z1z2)
x2z2(ay2z1+bx1x2z2)
6= y1,
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it follows that Ta,b,c ◦Ta,b,c 6= id, and therefore the map is noninvolutive. Additionally, the inverse of map
(32) is given by
(u1, u2, v1, v2, w1, w2)
T−1
a,b,c
−→ (
u1u2v1w2
cu1v2 + u2w1w2
, u2, w1 + c
u1v2
u2w2
, u2w2,
u2v1w1w2
cu1v2 + u2w1w2
,
acv2
bu2
),
namely (32) is birational.
Finally, we have
u1v1
(32)
= x1y1, u2
(29)
= x2, and
u1
w1
(32)
=
x1
z1
,
i.e. map (32) admits the invariants Ii, i = 1, 2, 3, given by (33).
For the Liouville integrability of map (32), we have the following.
Theorem 4.13. Map (32) is completely integrable.
Proof. The gradients of (22), ∇Ii, i = 1, 2, 3, are linearly independent, thus Ii, i = 1, 2, 3 are functionally
independent. Moreover, they are in involution with respect to the following Poisson bracket
{x1, x2} = x1x2, {x1, y2} = {x1, z2} = x1y2, {x2, y1} = x2y1 {x2, z1} = −x2z1,
{y1, y2} = {y1, z2} = y1y2, {z1, z2} = z1z2 and the rest entries of the Poisson matrix are 0.
The associated Poisson matrix is invertible and it is preserved by map (20). Therefore, map (20) is
completely integrable.
4.5 Restriction on the level sets of the invariants
Here, we restrict the map (32) on the level sets of its invariants (30). In particular, we have the following.
Proposition 4.14. Map (32) can be restricted to a three-dimensional noninvolutive parametric map given
by
(x, y, z)
Ta,b,c
−→
(
ay + bz
axy
,
bz
ac
, y
)
(35)
Proof. Setting I1 = I2 = I3 = 1, where Ii, i = 1, 2, 3, are given by (30), and solving for x1, x2, z1 we
obtain x1 = z1 =
1
y1
and x2 = 1. We substitute to (32), and we obtain a map y1 7→ v1(y1, y2, z2),
y2 7→ v2(y1, y2, z2) and z2 7→ w2(y1, y2, z2). After relabelling (y1, y2, z2, v1, v2, w2) → (x, y, z, u, v, w),
we obtain map (35). The noninvolutivity of the maps follows from the fact that, for instance, (w ◦
Ta,b,c)(x, y, z) =
bz
ac
6= z, thus Ta,b,c ◦ Ta,b,c 6= id.
Remark 4.15. Map (35) does not satisfy the parametric tetrahedron equation.
5 Derivative nonlinear Schro¨dinger type tetrahedron maps
In this section, we study matrix trifactorisation problems (7) for the Darboux transformations (13) and
(15) associated to the DNLS equation.
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5.1 A novel nine-dimensional tetrahedron map
Changing (λ−1p, λ−1q˜, λ2f)→ (x1, x2,X) in (10), we define the following matrix
M(x1, x2,X) =
(
x1 x1X
x2X 1
)
. (36)
For matrix (36) we consider the matrix trifactorisation problem (7), i.e.
M12(u1, u2, U)M13(v1, v2, V )M23(w1, w2,W ) = M23(z1, z2, Z)M13(y1, y2, Y )M12(x1, x2,X). (37)
The above matrix equation implies the following correspondence:
u1 =
x1X(y1y2Y − 1) + y1z2Z
z1z2Z − 1
Y
ZU
, u2 = (x2 + y2z1)
Z
Y
, (38a)
v1 =
y1 + x1z1X(y1y2Y − 1)
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
1
X
, (38b)
v2 = (y2 + x2z2
Z
Y
)U, V =
XY
U
, w1 =
x2y1 + z1(y1y2Y − 1)
x1x2X − 1
, (38c)
w2 = (x1y2XY + z2Z)
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
(x1x2X − 1)(z1z2Z − 1)
, (38d)
W =
(x1x2X − 1)(z1z2Z − 1)Z
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
. (38e)
The elements u1, v2 and V are expressed in terms of U . However, there is at least a choice of U for which
(18) defines a tetrahedron map.
The determinant of equation (37) implies the relation
(U − u1u2U
2)(V − v1v2V
2)(W − w1w2W
2) = (X − x1x2X
2)(Y − y1y2Y
2)(Z − z1z2Z
2)
We choose U − u1u2U
2 = X − x1x2X
2, V − v1v2V
2 = Y − y1y2Y
2 and W − w1w2W
2 = Z − z1z2Z
2.
Then, the following holds.
Proposition 5.1. The system consisting of equation (37) together with U − u1u2U
2 = X − x1x2X
2 has
a unique solution given by a map
(x1, x2,X, y1, y2, Y, z1, z2, Z)
T
−→ (u1, u2, U, v1, v2, V, w1, w2,W )
defined by
x1 7→ u1 =
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
(x1x2X − 1)X(z1z2Z − 1)2Z
· [x1X(y1y2Y − 1) + y1z2Z]Y, (39a)
x2 7→ u2 = (x2 + y2z1)
Z
Y
, (39b)
X 7→ U =
(x1x2X − 1)X(z1z2Z − 1)
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
, (39c)
y1 7→ v1 =
y1 + x1z1X(y1y2Y − 1)
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
1
X
, (39d)
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y2 7→ v2 =
(x1x2X − 1)X(y2Y + x2z2Z)(z1z2Z − 1)
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
1
Y
, (39e)
Y 7→ V =
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
(x1x2X − 1)(z1z2Z − 1)Z
Y, (39f)
z1 7→ w1 =
x2y1 + z1(y1y2Y − 1)
x1x2X − 1
, (39g)
z2 7→ w2 = (x1y2XY + z2Z)
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
(x1x2X − 1)(z1z2Z − 1)
, (39h)
z 7→W =
(x1x2X − 1)(z1z2Z − 1)
1 + x2y1z2Z + (y1y2Y − 1)[x1(x2 + y2z1Y )X + z1z2Z]
. (39i)
Map (39) is a nine-dimensional birational tetrahedron map.
Proof. The system consisting of equations (38a) and (1−u1u2U)U = (1−x1x2X)X has a unique solution
given by (39a), (39b) and (39c). Now substituting U from (39c) to the first two equations of (38c), we
obtain v2 and V given by (39e) and (39f), respectively.
It can be readily verified that map (39) is a tetrahedron map by substitution to the tetrahedron
equation. Finally, we have T ◦ T 6= id. Thus, map (39) is noninvolutive.
5.2 Restriction on symplectic leaves: A novel six-dimensional Tetrahedron map
The existence of first integral (14) indicates the integrals of map (39). We can restrict the latter to a
novel nine-dimensional one on the level sets of these integrals. In particular, we have the following.
Theorem 5.2. 1. The quantities Φ = X−x1x2X
2, Ψ = Y −y1y2Y
2 and Ω = Z−z1z2Z
2 are invariants
of the map (39).
2. Map (39) can be restricted to a six-dimensional parametric tetrahedron map
(x1,X, y1, Y, z1, Z)
Ta,b,c
−→ (u1, U, v1, V, w1,W ),
given by
x1 7→ u1 =
fb,c(X,Y,Z)[fb,a(X,Y,X)fb,c(X,Y,Z) + fb,0(X,Y,−1)x1z1X
2Y Z]
ac2x1y1z21X
2Y 2Z
, (40a)
X 7→ U =
acx1y1z1X
2Y 2
fb,a(X,Y,X)fb,c(X,Y,Z) + fb,0(X,Y,−1)x1z1X2Y Z
, (40b)
y1 7→ v1 =
x1y1z1XY Zfb,0(X,Y,−1)
fb,a(X,Y,X)fb,c(X,Y,Z) + fb,0(X,Y,−1)x1z1X2Y Z
(40c)
Y 7→ V =
fb,a(X,Y,X)fb,c(X,Y,Z) + fb,0(X,Y,−1)x1z1X
2Y Z
acx1y1z1XY
(40d)
z1 7→ w1 =
fb,a(X,Y,X)
ax1XY
, (40e)
Z 7→W =
acx1y1z1XY
2Z
fb,a(X,Y,X)fb,c(X,Y,Z) + fb,0(X,Y,−1)x1z1X2Y Z
, (40f)
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where fb,c(X,Y,Z) = bx1z1XZ + y1Y (c− Z), on the invariant leaves
Aa := {(x1, x2,X) ∈ C
3 : X − x1x2X
2 = a}, Bb := {(y1, y2, Y ) ∈ C
3 : Y − y1y2Y
2 = b},
Cc := {(z1, z2, Z) ∈ C
3 : Z − z1z2Z
2 = c}. (41)
3. Map (40) admits the following invariants:
I1 =
X
Z
, I2 = XY, I3 = Z − bX − aY Z +
y1Y (a−X)(c− Z)
x1z1XZ
−
x1z1XZ(b− Y )
y1Y
. (42)
Proof. Concerning 1. The existence of these invariants is indicated by the existence of the first integral
(14). This can be verified by straightforward calculation.
With regards to 2, we set Φ = a, Ψ = b and Ω = c. Now, using the conditions x2 =
X−a
x1X
, y2 =
Y−b
y1Y
and
z2 =
Z−c
z1Z
, we eliminate x2, y2 and z2 from the nine-dimensional map (39), and we obtain (40). It can be
verified by substitution that map (40) satisfies the parametric tetrahedron equation. For the involutivity
check, we have that w1(u1, U, v1, V, w1,W ) 6= z1, thus Ta,b,c ◦ Ta,b,c 6= id, and the map is noninvolutive.
Finally, regarding 3, it can be readily proven that U
W
(40)
= X
Z
, UV
(40)
= XY and W − bU − aVW +
v1V (a−U)(c−W )
u1w1UW
− u1w1UW (b−V )
v1V
(40)
= Z − bX − aY Z + y1Y (a−X)(c−Z)
x1z1XZ
− x1z1XZ(b−Y )
y1Y
.
Corollary 5.3. Map (40) has the following Lax representation
M12(u1, U ; a)M13(v1, V ; b)M23(w1,W ; c) = M23(z1, Z; c)M13(y1, Y ; b)M12(x1,X; a), (43)
where the associated matrix is given by
M(x1,X; a) =
(
X + a x1X
X−a
x1X
1
)
. (44)
Remark 5.4. The invariants (42) do not follow from the trace of the right-hand side of (43). Matrix M
in (44) is not symmetric.
Remark 5.5. Although the birationality of map (40) does not follow automatically from (23), due to
a symmetry break, solving equation (43) for (x1,X, y1, Y, z1, Z), one can see that map (40) is indeed
birational.
Here, we are interested in the Liouville integrability of map (40). In particular, we have the following.
Theorem 5.6. Map (40) is completely integrable.
Proof. Invariants (42) are functionally independent, since ∇Ii, i = 1, 2, 3, are linearly independent. Fur-
thermore, Ii, i = 1, 2, 3, in (22) are in involution, i.e. {Ii, Ij} = 0, i, j = 1, 2, 3, i < j, with respect to the
following Poisson bracket
{x1,X} = x1X, {X, y1} = y1X, {y1, Y } = y1, {Y, z1} = z1(2Y − 1), {z1, Z} = 2z1Z,
and the rest entries of the Poisson matrix are zero.
The associated Poisson matrix has rank 6, and it is invariant under the map (40). Therefore, map (40) is
completely integrable.
Corollary 5.7. The invariant leaves (41) are symplectic.
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5.3 A novel ‘degenerated’ six-dimensional parametric tetrahedron map of DNLS
type
Now, we make use of the second Darboux matrix of DNLS type, namely matrix (15) to derive another
parametric tetrahedron map. Specifically, we change (λ2f, λ−1p) → (x1, x2) in (15), and define the
following matrix
M(x1, x2; a) := λ
2
(
x1 x1x2
a
x1x2
0
)
. (45)
For matrix (45) we consider the following matrix trifactorisation problem:
M12(u1, u2, a)M13(v1, v2, b)M23(w1, w2, c) = M23(z1, z2, c)M13(y1, y2, b)M12(x1, x2, a). (46)
The above equation implies the system of polynomial equations
u1v1 = x1y1, u1(u2w1 + c
v1v2
w1w2
) = x1x2y1, u1u2w1w2 = y1y2,
av1
u1u2
= az1
x1x2
+ bx1z1z2
y1y2
acv1v2
u1u2w1w2
= bx1x2z1z2
y1y2
, b
v1v2
= ac
x1x2z1z2
,
which defines the following correspondence
u2 =
ax21x2y
2
1y2
u21z1(ay1y2 + bx
2
1x2z2)
, v1 =
x1y1
u1
, v2 =
bx2z1z2
acy1
u1, w1 =
u1z1
x1
, w2 =
y2
x1x2
+
bx1z2
ay1
(47)
namely, u2, v1, v2 and w1 depend on u1.
As in the case of the NLS equation, this correspondence does not define a tetrahedron map for any
choice of u1 = y1. However, for the choice u1 = y1 we have the following.
Theorem 5.8. The map defined by
(x1, x2, y1, y2, z1, z2)
Ta,b,c
−→
(
y1,
ax21x2y2
(ay1y2 + bx
2
1x2z2)z1
, x1,
bx2z1z2
ac
,
y1z1
x1
,
ay1y2 + bx
2
1x2z2
ax1x2y1
)
(48)
is a six-dimensional parametric tetrahedron map, it is noninvolutive and birational. Additionally, map
(48) admits the following invariants:
I1 = x1 + y1, I2 = y1z1, I3 =
x1
z1
. (49)
Proof. By substitution of u1 = y1 to (47), we obtain map (48). The tetrahedron property can be verified
by substitution to the tetrahedron equation.
We have that Ta,b,c ◦ Ta,b,c 6= id, since, for instance, v2(u1, u2, v1, v2, w1, w2) =
by2
ac
6= y2. Thus, the
map is noninvolutive. Moreover, the inverse of map (48) is given by
(u1, u2, v1, v2, w1, w2)
T−1
a,b,c
−→
(
v1,
u2w
2
1w2 + cv1v2
v1w1w2
, u1, u2w1w2,
v1w1
u1
,
acu1v2w2
bcv1v2 + bu2w21w2
)
,
i.e. (48) is birational.
Finally, we have
u1 + v1
(48)
= x1 + y1, v1w1
(48)
= y1z1, and
u1
w1
(48)
=
x1
z1
,
i.e. map (29) admits the invariants Ii, i = 1, 2, 3, given by (49).
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The six-dimensional map (48) admits three invariants (49) which indicates integrability. For its com-
plete integrability, we have the following.
Theorem 5.9. Map (48) is completely integrable.
Proof. The gradients of (22), ∇Ii, i = 1, 2, 3, are linearly independent; that is Ii, i = 1, 2, 3 are functionally
independent. Furthermore, they are in involution with respect to the following simple Poisson bracket
{x1, x2} = {y1, y2} = {z1, z2} = 1, and the rest {xi, yj} = {xi, zj} = {yi, zj} = 0, i, j = 1, 2, 3.
The associated Poisson matrix is invertible and it is preserved by map (48). Therefore, map (48) is
completely integrable.
5.4 Restriction on the level sets
Now, we restrict the map (48) on the level sets of its invariants (49). Specifically, we have the following.
Proposition 5.10. Map (48) can be restricted to a three-dimensional noninvolutive parametric tetrahe-
dron map given by (31).
Proof. Setting I1 = 1, I2 =
1
2 and I3 =
1
2 , where Ii, i = 1, 2, 3, are given by (49), we obtain x1 = y1 =
1
2
and z1 = 1. We substitute to (48), and we obtain a map x2 7→ u2(x2, y2, z2), y2 7→ v2(x2, y2, z2)
and z2 7→ w2(x2, y2, z2). After relabelling (x2, y2, z2, u2, v2, w2) → (x, y/2, z, u/2, v, w), we obtain map
(31).
6 Conclusions
In this paper, we present novel solutions to the functional tetrahedron and parametric tetrahedron equa-
tion which are noninvolutive and birational. Noninvolutivity is an important property for a map, since
involutive maps have trivial dynamics.
Our approach is based on the study of matrix trifactorisation problems for Darboux transformations,
and we study the cases of Darboux transformations associated with the NLS and DNLS equation. Specif-
ically, in the NLS case, we construct the tetrahedron map (19) which can be restricted to a parametric
tetraedron map (20). Additionally, we derive map (29) which can be restricted to map (31) on the level
sets of its invariants. The latter at a certain limit gives map (20) in Sergeev’s classification [28]. In DNLS
case, we construct the tetrahedron map (39) which can be restricted to a parametric tetraedron map (40).
Moreover, we construct map (48) which can be also restricted on the level sets of its invariants to map
(31).
We prove that all the tetrahedron maps derived in this paper are completely integrable. Moreover,
they possess a quite simple form and, thus, could be used in various applications.
Our results could be extended in the following way:
1. Study the more general matrix trifactorisation problem (7) with a spectral parameter where matrices
Lij , i, j = 1, 2, 3, i < j, depend on a spectral parameter λ;
2. Find solutions to the entwining parametric tetrahedron equation;
3. Study the corresponding 3D-lattice equations;
4. Extend the results to the case of Grassmann algebras.
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Regarding 1, although the Darboux transformations employed in this paper depend on a spectral
parameter λ, in the consideration of the associated matrix refactorisation problem (7) the spectral pa-
rameter was rescaled; see matrices (16), (25), (36) and (45). In fact, if we let the latter matrices depend
explicitly on the spectral parameter, then equation (7) has no solutions for u and v. The question arises
as to whether equation (7) defines tetrahedron maps for certain matrices A,B,C and D which explicitly
depend on a spectral parameter λ.
Concerning 2, we mean the following equation
Q123 ◦R145 ◦ S246 ◦ T 356 = T 356 ◦ S246 ◦R145 ◦Q123,
and its parametric version
Q123a,b,c ◦R
145
a,d,e ◦ S
246
b,d,f ◦ T
356
c,e,f = T
356
c,e,f ◦ S
246
b,d,f ◦R
145
a,d,e ◦Q
123
a,b,c.
For Q ≡ R ≡ S ≡ T , we obtain equations (2) and (4), respectively. Similarly, to [20], we believe that
solutions to these equations can be obtained by studying trifactorisation problems of Darboux transfor-
mations together with their degenerated versions. For Q ≡ R ≡ S, a Hirota type entwining tetrahedron
map appears in [11].
With regards to 3, it makes sense to study whether the maps derived in this paper are related to
certain integrable 3D-lattice equations. Some of the available methods in the literature are the following:
i. The relation between tetrahedron maps and 3D-lattice equations via symmetries of the latter which
was established in [14]. ii. In [23, 25] it was demonstrated how to lift lattice equations to Yang–Baxter
maps and these ideas can be employed to the case of tetrahedron maps. iii. Since the invariants of the
maps (29), (32), (29), (48) are in separated form, one may employ the method presented in [12, 13].
Concerning 4, the extension of integrable lattice equations to the case of Grassmann algebras via
Grassmann extended Darboux transformations in [8] motivated the initiation of the extension of the
theory of Yang–Baxter maps to the noncommutative (Grassmann) case [7, 16, 19, 15]. The study of matrix
trifactorisation problems (6) for Grassmann extended Darboux transformations may lead to solutions
of the Grassmann extended tetrahedron and parametric tetrahedron equation. Fully noncommutative
versions of tetrahedron maps are found in [4].
7 Acknowledgements
I would like to thank P. Kassotakis and A.V. Mikhailov for useful discussions, and D. Talalaev for useful
discussions and introducing me to the tetrahedron equation.
References
[1] V.V. Bazhanov, S.M. Sergeev, Zamolodchikov’s tetrahedron equation and hidden structure of quan-
tum groups, J. Phys. A 39 (2006) 3295–3310.
[2] V.V. Bazhanov, V.V. Mangazeev, S.M. Sergeev, Quantum geometry of three-dimensional lattices, J.
Stat. Mech. (2008) P07004.
[3] A. Dimakis, F. Mu¨ller-Hoissen, Matrix KP: tropical limit and Yang–Baxter maps, Lett. Math. Phys.
109 (2019) 799–827.
18
[4] A. Doliwa, R.M. Kashaev, Non-commutative bi-rational maps satisfying Zamolodchikov equation
equation, and Desargues lattices, (2020) arXiv:2005.11840v1.
[5] A. Fordy, Periodic cluster mutations and related integrable maps, J. Phys. A 47 (2014) 474003.
[6] V. Gorbounov, D. Talalaev, Electrical varieties as vertex integrable statistical models, (2019)
arXiv:1905.03522.
[7] G.G. Grahovski, S. Konstantinou-Rizos, A.V. Mikhailov, Grassmann extensions of Yang–Baxter
maps, J. Phys. A 49 (2016) 145202.
[8] G.G. Grahovski, A.V. Mikhailov, Integrable discretisations for a class of nonlinear Scro¨dinger equa-
tions on Grassmann algebras, Phys. Lett. A 377 (2013) 3254–3259.
[9] R.M. Kashaev, On discrete three-dimensional equations associated with the local Yang–Baxter rela-
tion, Lett. Math. Phys. 38 (1996) 389–397.
[10] R.M. Kashaev, I.G. Koperanov, S.M. Sergeev, Functional Tetrahedron Equation, Theor. Math. Phys.
117 (1998) 370–384.
[11] P. Kassotakis, Invariants in separated variables: Yang–Baxter, entwining and transfer maps, SIGMA
15 (2019) 048 36pp .
[12] P. Kassotakis, M. Nieszporski, Families of integrable equations, SIGMA 7 (2011) 100 14pp.
[13] P. Kassotakis, M. Nieszporski, On non-multiaffine consistent-around-the-cube lattice equations, Phys.
Lett. A 376 (2012) 3135–3140.
[14] P. Kassotakis, M. Nieszporski, V. Papageorgiou, A. Tongas, Tetrahedron maps and symmetries of
three dimensional integrable discrete equations, J. Math. Phys. 60 (2019) 123503.
[15] S. Konstantinou-Rizos, On the 3D consistency of a Grassmann extended lattice Boussinesq system,
J. Nuc. Phys. B 951 (2020) 114878.
[16] S. Konstantinou-Rizos, T. Kouloukas, A noncommutative discrete potential KdV lift, J. Math. Phys.
59 (2018) 063506.
[17] S. Konstantinou-Rizos, A. Mikhailov, P. Xenitidis, Reduction groups and integrable difference sys-
tems of NLS type, J. Math. Phys. 56 (2015) 082701.
[18] S. Konstantinou-Rizos, A.V. Mikhailov, Darboux transformations, finite reduction groups and related
Yang-Baxter maps, J. Phys. A 46 (2013) 425201.
[19] S. Konstantinou-Rizos, A.V. Mikhailov, Anticommutative extension of the Adler map, J. Phys. A:
Math. Theor. 49 (2016) 30LT03.
[20] S. Konstantinou-Rizos, G. Papamikos, Entwining Yang–Baxter maps related to NLS type equations,
J. Phys. A: Math. Theor. 52 (2019) 485201.
[21] I.G. Korepanov, Algebraic integrable dynamical systems, 2+1-dimensional models in wholly discrete
space-time, and inhomogeneous models in 2-dimensional statistical physics, (1995) solv-int/9506003.
19
[22] I.G. Korepanov, G.I. Sharygin, D.V. Talalaev, Cohomologies of n-simplex relations, Math. Proc.
Cambridge 161 (2016) 203–222.
[23] T. E. Kouloukas, D. Tran, Poisson structures for lifts and periodic reductions of integrable lattice
equations, J. Phys. A: Math. Theor. 48 (2015) 075202.
[24] S. Maeda, Completely integrable symplectic mapping, Proc. Japan Acad. 63 (1987) 198–200.
[25] V.G. Papageorgiou, A.G. Tongas, Yang–Baxter maps associated to elliptic curves, (2009)
arXiv:0906.3258v1.
[26] V.G. Papageorgiou, A.G. Tongas, A.P. Veselov, Yang–Baxter maps and symmetries of integrable
equations on quad-graphs, J. Math. Phys. 47 (2006) 083502.
[27] J.M. Maillet, F. Nijhoff, The tetrahedron equation and the fourвЂ“simplex equation, Phys. Lett. A
134 (1989) 221–228.
[28] S.M. Sergeev, Solutions of the Functional Tetrahedron Equation Connected with the Local Yang–
Baxter Equation for the Ferro-Electric Condition, Lett. Math. Phys. 45 (1998) 113–119.
[29] Y. Suris, A. Veselov, Lax matrices for Yang–Baxter maps J. Nonlinear Math. Phys. 10 (2003) 223–230.
[30] A. Veselov, Integrable maps, Russ. Math. Surv. 46 (1991) 1–51.
[31] A.B. Zamolodchikov, Tetrahedra equations and integrable systems in three-dimensional space, Sov.
Phys. JETP 52 (1980) 325–336.
[32] A.B. Zamolodchikov, Tetrahedron equations and the relativistic S matrix of straight strings in (2+1)-
dimensions, Commun. Math. Phys. 79 (1981) 489–505.
20
